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There are well-known necessary conditions for the existence of a generalized Bhaskar Rao
design over a group G, with block size k = 3. It has been conjectured that these necessary
conditions are indeed sufficient. We prove that they are sufficient for groupsG of order pq
where p, q are primes and for groups of all orders≤ 100 except possibly 32, 36, 48, 54, 60,
64, 72, 96.
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1. Introduction
Throughout this paper G is a finite (multiplicative) group, 0 6∈ G is a zero symbol, and v, b, r, k, λ are positive integers
with v ≥ 3.
Definition 1. A generalized Bhaskar Rao design GBRD(v, b, r, k, λ;G) is a v × b array, each entry of which is either 0 or an
element of G such that:
1. each row has exactly r group element entries;
2. each column has exactly k group element entries;
3. for each pair of distinct rows (x1, x2, . . . , xb) and (y1, y2, . . . , yb) the list
xiy
−1
i : i = 1, 2, . . . , b, xi 6= 0, yi 6= 0,
contains each group element exactly λ|G| times.
Clearly λ ≡ 0 (mod |G|). Furthermore, taking a GBRD(v, b, r, k, λ;G) and replacing the group entries by 1 and leaving
the others 0, produces a (0, 1)-matrix which is an incidence matrix for a BIBD(v, b, r, k, λ), (or an all 1’s matrix if v = k). It
is well known that r = λ(v−1)k−1 and b = λv(v−1)k(k−1) .We usually refer to a GBRD(v, k, λ;G), or to a GBRD(v, k, t|G|;G).
Example 2. We give examples of designs over S3. Define
S3 = 〈a, z : a3 = z2 = 1, az = za−1〉.
(i) A GBRD(14, 4, 6; S3). We require 14 rows with 4 nonzero entries in each column. Label the rows by 0, 1, 2, . . . , 12,∞. A
block {(∞, 1), (12, z), (10, za2), (6, 1)} defines a column in which the nonzero entries are in rows∞, 12, 10, 6 and the
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entries are 1, z, za2, 1 respectively. The following initial blocks generate a GBRD(14, 4, 6; S3), with the first coordinate
developed mod 13. That is, for each initial block there are 13 columns in the array:
{(∞, 1), (0, a2), (1, za), (3, a)}, {(∞, 1), (12, z), (10, za2), (6, 1)},
{(0, 1), (2, za2), (5, za2), (6, a2)}, {(0, 1), (3, za2), (9, 1), (2, za)},
{(0, 1), (9, a), (1, a), (6, 1)}, {(0, 1), (10, z), (4, za), (5, za)},
{(0, 1), (4, a), (12, za), (2, 1)}.
(ii) A GBRD(11, 4, 6; S3). In this case label the rows by 0, 1, 2, 3, . . . , 10. The following initial blocks generate a
GBRD(11, 4, 6; S3), with the first coordinate developed mod 11:
{(0, 1), (2, z), (3, za), (10, za2)}, {(0, 1), (6, z), (9, za2), (8, za2)},
{(0, 1), (7, za), (5, za), (2, za)}, {(0, 1), (10, za), (4, a2), (6, a)},
{(0, 1), (8, z), (1, a), (7, 1)}.
(iii) A GBRD(23, 4, 6; S3). In this case label the rows by 0, 1, 2, 3, . . . , 22. The following initial blocks generate a
GBRD(23, 4, 6; S3), with the first coordinate developed mod 23:
{(1, 1), (2, z), (5, 1), (11, za)}, {(2, 1), (4, 1), (10, z), (22, a)},
{(4, 1), (8, a2), (20, 1), (21, za2)}, {(8, 1), (16, za2), (17, z), (19, 1)},
{(16, 1), (9, z), (11, za2), (15, za)}, {(9, 1), (18, za), (22, a2), (7, a)},
{(18, 1), (13, za), (21, 1), (14, za)}, {(13, 1), (3, za2), (19, 1), (5, 1)},
{(3, 1), (6, za), (15, a2), (10, a)}, {(6, 1), (12, a), (7, a), (20, a2)},
{(12, 1), (1, za), (14, za), (17, z)}.
1.1. Necessary conditions when k = 3
Necessary conditions for the existence of a GBRD(v, 3, λ;G) are well known and are given, for example, in Abel et al. [5]:
Lemma 3. If G is a finite group, then the following conditions are necessary for the existence of a GBRD(v, 3, λ;G):
(i) λ ≡ 0 (mod |G|);
(ii) λ(v − 1) ≡ 0 (mod 2);
(iii) λv(v − 1) ≡
{
0 (mod 6) if |G| is odd
0 (mod 24) if |G| is even.
(iv) If v = 3, and G has a nontrivial cyclic Sylow 2-subgroup, then λ ≡ 0 (mod 2|G|).
In many cases these necessary conditions are sufficient to ensure that a GBRD(v, 3, λ;G) exists. Abel et al. [5] show
they are sufficient when v = 3 and that this is a consequence of the recently proved long standing Hall–Paige conjecture
(Evans [9], Wilcox [16] and Wilcox, Evans and Bray [6], New results). They are sufficient when the group is abelian, and the
proof of this involved many people and was completed by Ge et al. [10]. The necessary conditions are shown to be sufficient
for any odd order nilpotent group by Palmer [14], for any dihedral group by Abel et al. [3], and for any sufficiently small
group or any dicyclic group by Abel et al. [5]. We summarise these results in the following theorem:
Theorem 4. Let G be a finite group, and v ≥ 3, then in each of the following cases, the necessary conditions given in Lemma 3
are sufficient for the existence of a GBRD(v, 3, λ;G):
(i) Whenever v = 3;
(ii) Whenever G is abelian;
(iii) For several infinite families of groups:
Nilpotent groups of odd order (i.e. direct products of odd order p-groups);
Dihedral groups;
Dicyclic groups
(iv) For all small enough G e.g. those with |G| < 24.
Abel et al. [5] conjecture that these necessary conditions are always sufficient.
Conjecture 5. If G is a finite group, and v ≥ 3, then the necessary conditions in Lemma 3 are sufficient for the existence of a
GBRD(v, 3, λ;G).
For a groupG, we say Conjecture 5 holds if, for v ≥ 3, the necessary conditions in Lemma 3 are sufficient for the existence
of a GBRD(v, 3, λ;G). In this paper we prove that Conjecture 5 holds for each non-abelian group of order 24 and for any
group of order pq, where p and q are distinct primes. We use the Sylow theorems and prove that Conjecture 5 holds for any
group G of order |G| ≤ 100, with the possible exception of some groups with |G| ∈ {32, 36, 48, 54, 60, 64, 72, 96}. For a
general reference for Group Theory, including the Sylow theorems, see Hall [12].
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1.2. Well-known constructions
Definition 6. Let v and λ be positive integers, K be a set of positive integers and X be a set of v elements. A pairwise balanced
design, or PBD(v; K ; λ), is a collection of subsets of X , called blocks, for which each pair of distinct elements of X appears
together in exactly λ blocks and if a block contains exactly k elements of X then k belongs to K . A balanced incomplete block
design, BIBD(v, k, λ) is a PBD(v; {k}; λ).
From Abel et al. [1] we have the following lemma:
Lemma 7. A PBD(v; K ; 1) exists for:
(i) K = {3, 4, 5, 6, 8} and v ≥ 3;
(ii) K = {4, 5, 6, 7, 8, 9, 10, 11, 12, 14, 15, 18, 19, 23} and v ≥ 4.
We use several construction theorems which are based on PBDs and subgroup structure.
Theorem 8 ([8]). If there exist a PBD(v; K ; λ) and, for each h ∈ K, a GBRD(h, k, µ;G), then a GBRD(v, k, λµ;G) exists.
Theorem 9 ([13]). Let N be a normal subgroup of G. If both a GBRD(v, h, λ;G/N) and a GBRD(h, k, µ;N) exist, then a
GBRD(v, k, λµ;G) also exists.
2. GBRD(v, 3, λ;G) over groups of order 24
In this section we prove that Conjecture 5 holds for groups of order 24. That is we prove:
Theorem 10. Let G be a group with |G| = 24. Then the necessary conditions given in Lemma 3 are sufficient for the existence of
a GBRD(v, 3, λ;G).
There are 15 groups of order 24. These groups are all well known. We use notation from Thomas and Wood [15] and
denote the groups: 24/1, . . . , 24/15. Groups 24/1, 24/2 and 24/3 are abelian, i.e. C24, C12×C2 and C6×C22 . Up to isomorphism,
there is only one group of the form C3 o C8 and one of the form C3 o D4, so the list is unambiguous.
24/1 C24 24/2 C12 × C2 24/3 C6 × C22
24/4 D6 × C2 24/5 A4 × C2 24/6 Q6 × C2
24/7 D4 × C3 24/8 Q × C3 24/9 S3 × C4
24/10 D12 (dihedral) 24/11 Q12 (dicyclic) 24/12 S4
24/13 SL2(F3) 24/14 C3 o C8 24/15 C3 o D4
For groups of order 24, the necessary conditions in Lemma 3 give no restrictions on v for the existence of a GBRD(v,
3, 24t;G), when v > 3 and t ≥ 1. Any group of order 24 has a Sylow 2-subgroup of order 8. However, only for those groups
whose Sylow 2-subgroup is cyclic is there any restriction for v = 3, i.e. if v = 3, then t ≡ 0 (mod 2). Only C3 o C8 and C24
have cyclic Sylow 2-subgroups. Thus we can rephrase Theorem 10:
Theorem 11. Let G be a group of order 24, then
(i) for v ≥ 4, there is a GBRD(v, 3, 24t;G) for all t ≥ 1;
(ii) If G 6∼= C3 o C8 or C24, there exists a GBRD(3, 3, 24t;G) for all t ≥ 1
(iii) If G ∼= C3 o C8 or C24, there exists a GBRD(3, 3, 24t;G) if and only if t ≡ 0 (mod 2).
Proof. It is sufficient to prove the theorem for non-abelian groups G of order 24 and v > 3.
If G 6∼= C3 o C8, then G has a non-cyclic Sylow 2-subgroup and hence a GBRD(3, 3, 24;G) exists by Theorem 4. In
Theorem 25 we show that there exists a GBRD(u, 3, 24;G) for u ∈ {4, 5, 6, 8}. From Lemma 7 we have that there exists
a PBD(v; {3, 4, 5, 6, 8}; 1) for all v ≥ 3. Therefore, there exists a GBRD(v, 3, 24;G) for all v ≥ 3, by Theorem 8. Putting t
copies next to each other gives a GBRD(v, 3, 24t;G) for all t ≥ 1 and all v ≥ 3.
If G ∼= C3 o C8, then the Sylow 2-subgroup is cyclic, and hence no GBRD(3, 3, 24;G) exists. Let K = {4, 5, 6, 7, 8, 9, 10,
11, 12, 14, 15, 18, 19, 23}. In Theorem 26we show that, for u ∈ K , there exists a GBRD(u, 3, 24;G). From Lemma 7we have
that for all v ≥ 4 a PBD(v; K ; 1) exists. Therefore, there exists a GBRD(v, 3, 24;G) for all v ≥ 4, by Theorem 8. Putting t
copies next to each other gives a GBRD(v, 3, 24t;G) for all t ≥ 1 and all v ≥ 4. 
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2.1. Designs over groups of order 24 for use in the proof of Theorem 10
From Thomas and Wood [15] we determine facts about the normal subgroup structure of groups of order 12 and 24 for
use in the constructions in our proof of Theorem 11:
Lemma 12. (i) The groups of order 12 which do not have cyclic Sylow 2-subgroups are isomorphic to C2 × C6, D6 (dihedral),
or A4 (alternating).
(ii) The non-abelian groups of order 24 which have normal subgroups of order 12 with non-cyclic Sylow 2-subgroups are the
groups 24/4, 5, 6, 7, 9, 10, 12, 15.
(iii) The non-abelian groups of order 24which have normal subgroups isomorphic to C2×C2 are the groups 24/4, 5, 6, 7, 12, 15.
(iv) The non-abelian groups of order 24 which have normal subgroups isomorphic to C3 are the groups 24/4, 6, 7, 8, 9, 10, 11,
14, 15.
(v) The non-abelian groups of order 24 which have normal subgroups of order 8 are the groups 24/5, 7, 8, 13. In each case the
subgroup is not cyclic.
(vi) The non-abelian groups of order 24which have normal subgroups of order 4with a non-cyclic quotient are the groups 24/4,
6, 9, 10, 11, 12, 14, 15.
We exploit these normal subgroups as much as we can to construct GBRD(v, 3, 2;G) for v = 4, 5, 6, 8 over each non-
abelian group of order 24.
Lemma 13. Let G be a group of order 24. If G has a normal subgroup of order 12which does not have a cyclic Sylow 2-subgroup
then there exists a GBRD(4, 3, 24;G).
Proof. Let G be a group of order 24, and let N be a normal subgroup of order 12 which does not have a cyclic Sylow
2-subgroup. So G/N ∼= C2. Necessary and sufficient conditions for the existence of a GBRD(v, 3, 2; C2) are v > 3 and
v(v − 1) ≡ 0 (mod 12). Therefore there exists a GBRD(v, 3, 2;G/N) for v = 4 (but not for v = 3, 5, 6, 8). Since N does not
have a cyclic Sylow 2-subgroup there exists a GBRD(3, 3, 12;N). Hence by Theorem 9 there exists a GBRD(4, 3, 24;G) as
required. 
Corollary 14. For each of the groups 24/4, 5, 6, 7, 9, 10, 12, 15, a GBRD(4, 3, 24;G) exists.
Lemma 15. Let G be a group of order 24 with a normal subgroup isomorphic to C2 × C2. Then there exist a GBRD(v, 3, 24;G)
for v = 4, 5, 8.
Proof. Let G be a group of order 24, and let N be a normal subgroup isomorphic to C2 × C2. Then there exists a
GBRD(3, 3, 4;N). Now G/N ∼= S3 or C6, and in either case, necessary and sufficient conditions for the existence of a
GBRD(v, 3, 6;G/N) are v > 3 and 6v(v − 1) ≡ 0 (mod 24). Hence there exist GBRD(v, 3, 6;G/N) for v = 4, 5, 8 (but not
for v = 3, 6). Therefore by Theorem 9 there exists a GBRD(4, 3, 24;G), a GBRD(5, 3, 24;G) and a GBRD(8, 3, 24;G). 
Corollary 16. For v = 4, 5, 8 there exists a GBRD(v, 3, 24;G) for each of the groups 24/4, 5, 6, 7, 12, 15.
Lemma 17. Let G be a group of order 24 which has a normal subgroup which is cyclic of order 3, then there exist a GBRD(4,
3, 24;G) and a GBRD(6, 3, 24;G).
Proof. Let G be a group of order 24 and let N be a normal subgroup isomorphic to C3. Then there exists a GBRD(3, 3, 3;N).
Now |G/N| = 8, so for v > 3 there exists a GBRD(v, 3, 8;G/N) if and only if 8v(v − 1) ≡ 0 (mod 24), and this is true for
v = 4 or 6, but not true for v = 5 or 8. Therefore, for v = 4 or 6, there exists a GBRD(v, 3, 24;G). 
Corollary 18. For v = 4 and 6, there exists a GBRD(v, 3, 24;G) for each of the groups 24/4, 6, 7, 8, 9, 10, 11, 14, 15.
Lemma 19. Let G be a group of order 24 which has a normal subgroup of order 4 whose quotient in G is not cyclic. Then there
exists a GBRD(v, 3, 24;G) for v = 5, 6, 8.
Proof. Let G be a group of order 24. Let N be a normal subgroup of order 4 such that G/N is non-cyclic and so G/N ∼= S3.
For v = 5, 6, 8 there exists a GBRD(v, 4, 6; S3) and examples of these are given in Abel et al. [3]. The group N has order
4, so there exists a GBRD(4, 3, 4;N). Therefore, by Theorem 9, there exists a GBRD(5, 3, 24;G), a GBRD(6, 3, 24;G) and a
GBRD(8, 3, 24;G). 
Corollary 20. For v = 5, 6, 8 there exists a GBRD(v, 3, 24;G) for each of the groups 24/4, 6, 9, 10, 11, 12, 14, 15.
Lemma 21. Let G be a group of order 24 which has a normal subgroup of order 8. Then there exists a GBRD(v, 3, 24;G) for
v = 5 and 8.
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Proof. LetG be a group of order 24 and let N be a normal subgroup of order 8, thenG/N ∼= C3. By Ge et al. [11] there exists
a GBRD(v, 4, 3; C3) for each of v = 5, 8 (in fact for v > 4, v ≡ 0, 1 (mod 4)). The group N has order 8, so there exists a
GBRD(4, 3, 8;N). Therefore, by Theorem 9 there exists a GBRD(5, 3, 24;G) and a GBRD(8, 3, 24;G). 
Corollary 22. For v = 5 and 8, there exists a GBRD(v, 3, 24;G) for each of the groups 24/5, 7, 8, 13.
For each of the non-abelian groups G of order 24 these lemmas have determined the existence of a GBRD(v, 3, 24;G)
for v = 4, 5, 6, 8, using normal subgroup constructions, except for the case whereG ∼= A4×C2 (i.e. 24/5) and v = 6 and for
G ∼= SL2(F3) (i.e. 24/13) and v = 4, 6. We have not been able to use normal subgroup constructions to show the existence
of these three designs and hence we exhibit them explicitly in the following examples.
Example 23. Let G ∼= SL2(F3) be defined by
G = 〈x, y, z : x4 = 1, x2 = y2, z3 = 1, xy = yx3, xz = zy, yz = zxy〉.
(i) Consider the following 4× 16 array. Extend it to a 4× 48 array by cyclically permuting the first 3 rows while leaving the
fourth row unaltered. The result is a GBRD(4, 3, 24;G).
x2 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
z2y z2xy zx3 x3 z2x x3 z2y zx2 zy x zxy z2xy3 zxy3 xy x2 z2
x2 zx2 x3 y z2x3 zx3 y3 z2y3 1 xy3 zy3 y z2x2 z z2xy zx
0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1
 .
(ii) A GBRD(6, 3, 24;G) can be obtained by cyclically permuting the first 5 rows in each of the 24 columns in the following
2 arrays, while leaving the sixth row unaltered.
1 1 1 1 1 1 1 1 1 1 1 1
z2xy3 zxy3 0 0 0 z2y 0 z2x 0 0 1 0
y z2x2 xy x2 z2 y3 xy3 z2x3 x 1 z z2y3
0 0 0 0 0 0 0 0 0 0 0 0
0 0 zx3 z2x3y zxy 0 z 0 zx2 zy 0 x3
0 0 0 0 0 0 0 0 0 0 0 0


xy zy z2x3 z2x2 z2y zy3 y x3 z2x3y z2y3 zxy zx3y
zx2 z2 0 0 0 0 x2 y3 z2x z2xy zx3 0
0 0 x3y 1 z x 0 0 0 0 0 zx
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 1 1 1 1 1 1 1 1
 .
Example 24. Let A4 = 〈a, b, c : a2 = b2 = c3 = 1, ab = ba, ac = cb, bc = cab〉 and C2 = 〈z : z2 = 1〉. A
GBRD(6, 3, 24; C2 × A4) can be obtained by cyclically permuting the first 5 rows in each of the 24 columns in the following
2 arrays, while fixing the sixth row.
1 1 1 1 c 1 1 1 1 1 1 1
ab zb za 0 z 0 zc2a 0 zc2b 0 c2a a
z zcab zab c2 z zb zcb zca 0 a ca 0
0 0 0 0 0 0 0 0 cab 0 0 zc2
0 0 0 zc2ab 0 z 0 zca 0 zc2b 0 0
0 0 0 0 0 0 0 0 0 0 0 0


ab cab zc zb zab zc2a za b cb c2b c2 c2ab
zca zc2ab zc2 0 0 0 zc2b ca c2a 0 0 0
0 0 0 zcb z zcab 0 0 0 1 a c
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 1 1 1 1 1 1 1 1
 .
Corollaries 14, 16, 18, 20 and 22 and Examples 23 and 24 are summarised in Table 27. Together they prove the following
theorem about designs with v = 4, 5, 6, 8 over non-abelian groups of order 24:
Theorem 25. Let G be a non-abelian group of order 24 and v ∈ {4, 5, 6, 8}, then there exists a GBRD(v, 3, 24;G).
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Table 27
Proof of the existence of a GBRD(v, 3, 24;G) for v = 4, 5, 6, 8.
GROUP G v = 4 v = 5 v = 6 v = 8
24/4 D6 × C2 Corollary 14
Corollary 16 Corollary 16 Corollary 16
Corollary 18 Corollary 18
Corollary 20 Corollary 20 Corollary 20
24/5 A4 × C2 Corollary 14 Example 24
Corollary 16 Corollary 16 Corollary 16
Corollary 22 Corollary 22
24/6 Q6 × C2 Corollary 14
Corollary 16 Corollary 16 Corollary 16
Corollary 18 Corollary 18
Corollary 20 Corollary 20 Corollary 20
24/7 D4 × C3 Corollary 14
Corollary 16 Corollary 16 Corollary 16
Corollary 18 Corollary 18
Corollary 22 Corollary 22
24/8 Q × C3 Corollary 18 Corollary 18
Corollary 22 Corollary 22
24/9 S3 × C4 Corollary 14
Corollary 18 Corollary 18
Corollary 20 Corollary 20 Corollary 20
24/10 D12 Corollary 14
Corollary 18 Corollary 18
Corollary 20 Corollary 20 Corollary 20
24/11 Q12 Corollary 14
Corollary 18
Corollary 20 Corollary 20 Corollary 20
24/12 S4 Corollary 14
Corollary 16 Corollary 16 Corollary 16
Corollary 20 Corollary 20 Corollary 20
24/13 SL2(F3) Example 23(i) Corollary 22 Example 23(ii) Corollary 22
24/14 C3 o C8 Corollary 18 Corollary 18
Corollary 20 Corollary 20 Corollary 20
24/15 C3 o D4 Corollary 14
Corollary 16 Corollary 16 Corollary 16
Corollary 18 Corollary 18
Corollary 20 Corollary 20 Corollary 20
The next theorem gives the additional designs needed over the group C3 o C8.
Theorem 26. For v ∈ {4, 5, 6, 7, 8, 9, 10, 11, 12, 14, 15, 18, 19, 23} a GBRD(v, 3, 24; C3 o C8) exists.
Proof. Let G = C3 o C8. By Theorem 25, there is a GBRD(v, 3, 24;G) for v = 4, 5, 6, 8.
The subgroup C3 is normal, a GBRD(3, 3, 3; C3) exists and G/C3 ∼= C8. Hence, by Theorem 9, there is a GBRD(v, 3, 24;G)
for any v for which a GBRD(v, 3, 8; C8) exists. A GBRD(v, 3, 8; C8) exists for v > 3, v(v − 1) ≡ 0 (mod 3), and hence a
GBRD(v, 3, 24;G) exists for v ∈ {7, 9, 10, 12, 15, 18, 19}.
It remains to show that there exist GBRD(v, 3, 24;G) for v = 11, 14, 23.
From Lemma 12, G has a normal subgroup which is cyclic of order 4 with a non-abelian quotient of order 6 (i.e. isomorphic
to S3). By Theorem 4, there exists a GBRD(4, 3, 4; C4). For v = 11, 14, 23 Example 2 provides a GBRD(v, 4, 6; S3). Hence, by
Theorem 9, there exists a GBRD(v, 3, 24;G) for v = 11, 14, 23. 
3. General results
Let G be a group and N a proper (i.e. N 6= G) normal subgroup. Suppose that there exists a GBRD(3, 3, |N|;N) and that
for v ≥ 4, the necessary conditions on v for the existence of a GBRD(v, 3, |G|;G) are the same as the necessary conditions
for the existence of a GBRD(v, 3, |G/N|;G/N). Then, by Theorem 9, if Conjecture 5 holds for the quotientG/N, it also holds
for G. Necessary condition restrictions on v ≥ 4 depend only on (i) whether or not the group order is divisible by 3 and
(ii) whether the group order is divisible by 2 but not by 4. We summarise this in the following lemma:
Lemma 28. Let G be a group with a proper normal subgroup N. Suppose that
(i) N has a trivial or non-cyclic Sylow 2-subgroup, and
(ii) if |G| ≡ 0 (mod 3) then |G/N| ≡ 0 (mod 3), and
(iii) if |G/N| ≡ 2 (mod 4) then |G| ≡ 2 (mod 4).
Then, if Conjecture 5 holds for the quotient G/N, it also holds for G.
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For groups of odd order this simplifies to:
Corollary 29. Let G be an odd order group, and N a proper normal subgroup such that if 3 divides |G|, then 3 divides |G/N|.
Then, if Conjecture 5 holds for G/N, it holds for G.
For a group with a normal, non-cyclic Sylow 2-subgroup, Lemma 28 gives:
Theorem 30. Let G be a group, with a non-cyclic Sylow 2-subgroup, N, which is normal in G. Then, if Conjecture 5 holds for
G/N, it holds for G.
Theorem 31. Let G be a group of order |G| = pq, where p and q are distinct primes, p < q. Then, Conjecture 5 holds for G.
Proof. Let G be a group of order |G| = pq, where p and q are distinct primes, p < q. From the Sylow theorems it follows
that the Sylow q-subgroup, which is cyclic, is normal in G. The Sylow p-subgroup, which is also cyclic, is not normal unless
G is itself cyclic.
If |G| is even, then p = 2 and G is either abelian or dihedral. The result then follows from Theorem 4.
If |G| is odd, then p ≥ 3. Let N ∼= Cq be the Sylow q-subgroup ofG, soG/N ∼= Cp. Since p and q are primes with 3 ≤ p < q, if
either of them is 3 it must be that p = 3 and hence |G/N| = p = 3 ≡ 0 (mod 3). Hence, by Corollary 29, Conjecture 5 holds
for G. 
4. Designs over groups of order 24 < |G| ≤ 100
The number of groups, and of non-abelian groups, of each order ≤ 100 is well known; see for example Thomas and
Wood [15]. Formany of these it can be determined that Conjecture 5 holds by using the Sylow theorems andnormal structure
as determined from the group order alone. We consider these case by case below, and in doing so we prove that:
Theorem 32. Conjecture 5 holds for any group G which has order |G| ≤ 100, |G| 6∈ {32, 36, 48, 54, 60, 64, 72, 96}.
Groups of order 32 or 64 are 2-groups and need special consideration as such. Note that it required detailed consideration
of each group to show that Conjecture 5 holds for groups of order 16 in Abel et al. [5].
The only prime divisors of the numbers 36, 48, 54, 72, 96 are 2 and 3. For these groups it is unlikely that the normal structure
and known smaller designswill be enough to show that Conjecture 5 holds for these designs simply by considering the group
order. (Note the details needed to show Conjecture 5 holds for groups of order 12 in Abel et al. [4] and Combe et al. [7], for
groups of order 18 in Abel et al. [5] and in this paper for groups of order 24.)
There is a simple group of order 60 (i.e. no normal subgroups), so new techniques will be needed to address the groups of
order 60.
• Group order≤24. Theorem 4 applies for order<24, and Theorem 10 for order 24.
• Group order 29, 31, 33, 35, 37, 41, 43, 47, 51, 53, 59, 61, 65, 67, 69, 71, 73, 77, 79, 83, 85, 87, 89, 91, 95, 97. Only cyclic
groups. Theorem 4 applies.
• Group order 25, 45, 49, 99. All abelian groups but not all cyclic. Theorem 4 applies.
• Group order 26, 34, 38, 46, 58, 62, 74, 82, 86, 94. There is 1 non-abelian group for each order and it is dihedral. Theorem 4
applies.
• Group order 27 = 33 and 81 = 34. (There are 2 non-abelian groups of order 27 and 10 non-abelian groups of order 81.)
All odd order nilpotent. Theorem 4 applies.
• Group order 28, 44, 76, 92. There are 2 non-abelian groups for each order and they are the dihedral and dicyclic groups.
Theorem 4 applies.
• Group order 39 = 3 × 13; 55 = 5 × 11; 57 = 3 × 19; 93 = 3 × 31. (In each case there is 1 non-abelian group.)
Theorem 31 applies.
• Group order 30 = 2×3×5. (There are 3 non-abelian groups of order 30.) Any group of order 30must have a cyclic Sylow
5-subgroup (∼= C5), which is a normal subgroup. This can be seen by referring to Thomas andWood [15], or alternatively
by arguing as we do for groups of order 90. Hence Lemma 28 applies.
• Group order 40 = 23× 5. (There are 11 non-abelian groups of order 40.) Any group of order 40 must have a cyclic Sylow
5-subgroup (∼= C5). LetG be a group of order 40. Denote the number of Sylow 5-subgroups by n5. By the Sylow theorems,
we have that n5 is a divisor of
|G|
5 = 8 and n5 ≡ 1 (mod 5). Therefore n5 = 1 and hence this unique subgroup of order 5
is a normal subgroup of G. Hence Lemma 28 applies.
• Group order 42 = 2 × 3 × 7. (There are 5 non-abelian groups of order 42.) Any group of order 42 must have a cyclic
Sylow 7-subgroup (∼= C7), which, by the Sylow theorems, is a normal subgroup. Hence Lemma 28 applies.
• Group order 50 = 2 × 52. (There are 3 non-abelian groups of order 50.) Any group of order 50 must have a Sylow
5-subgroup of order 25 which has index 2 in the group. Therefore the Sylow 5-subgroup is normal. Hence Lemma 28
applies.
• Group order 52 = 2 × 2 × 13. (There are 3 non-abelian groups of order 52.) Any group of order 52 must have a cyclic
Sylow 13-subgroup (∼= C13), which, by the Sylow theorems, is a normal subgroup. Hence Lemma 28 applies.
R.J.R. Abel et al. / Discrete Mathematics 310 (2010) 1080–1088 1087
• Group order 56 = 7 × 23. (There are 10 non-abelian groups of order 56.) Let G be any group of order 56. The Sylow
7-subgroups are cyclic (∼= C7). Let n7 denote the number of Sylow 7-subgroups. By the Sylow theorems, we have that n7
is a divisor of |G|7 = 8 and n7 ≡ 1 (mod 7), so n7 = 1 or 8. If n7 = 1, then the Sylow 7-subgroup is normal and Lemma 28
applies. So assume that n7 = 8. Then, by the Sylow theorems, there must be 8 conjugate Sylow 7-subgroups. In this case
there are 8 × 6 = 48 elements of order 7 so only 8 other elements in G. Hence there is only one Sylow 2-subgroup
and so it must be a normal subgroup of G. If the normal Sylow 2-subgroup were in fact cyclic, then G would be abelian,
contradicting n7 = 8. (This is because every element of the group outside the Sylow 2-subgroup is an element of order
7. An element of order 7 cannot act, by conjugation, nontrivially on a cyclic group of order 8 because the automorphism
group of C8 has order 4.) So we may assume that the normal Sylow 2-subgroup is not cyclic. Setting N to be the (non-
cyclic) Sylow 2-subgroup, Theorem 30 applies.
• Group order 63 = 32 × 7. (There are 2 non-abelian groups of order 63.) Any group of order 63 must have a cyclic Sylow
7-subgroup (∼= C7), which, by the Sylow theorems, is a normal subgroup. Hence Lemma 28 applies.
• Group order 66 = 2 × 3 × 11. (There are 3 non-abelian groups of order 66.) Any group of order 66 must have a cyclic
Sylow 11-subgroup (∼= C11), which, by the Sylow theorems, is a normal subgroup. Hence Lemma 28 applies.
• Group order 68 = 22× 17. (There are 3 non-abelian groups of order 68.) Any group of order 68 must have a cyclic Sylow
17-subgroup (∼= C17), which, by the Sylow theorems, is a normal subgroup. Hence Lemma 28 applies.
• Group order 70 = 2 × 5 × 7. (There are 3 non-abelian groups of order 70.) Any group of order 70 must have a cyclic
Sylow 7-subgroup (∼= C7), which, by the Sylow theorems, is a normal subgroup. Hence Lemma 28 applies.
• Group order 75 = 3×52. (There is 1 non-abelian group of order 75.) Any group of order 75must have a Sylow5-subgroup,
which, by the Sylow theorems, is a normal subgroup. Hence Lemma 28 applies.
• Group order 78 = 2 × 3 × 13. (There are 5 non-abelian groups of order 78.) Any group of order 78 must have a cyclic
Sylow 13-subgroup (∼= C13), which, by the Sylow theorems, is a normal subgroup. Hence Lemma 28 applies.
• Group order 80 = 24 × 5. (There are 47 non-abelian groups of order 80.) Let G be a group of order 80. The Sylow
5-subgroup is cyclic. If it is normal, then Lemma 28 applies. If the Sylow 5-subgroup is not normal, then, by the same
argument as for groups of order 56, we get that the Sylow 2-subgroup is normal and non-cyclic and that Lemma 28
applies.
• Group order 84 = 22 × 3 × 7. (There are 13 non-abelian groups of order 84.) Any group of order 84 must have a cyclic
Sylow 7-subgroup (∼= C7), which, by the Sylow theorems, is a normal subgroup. Hence Lemma 28 applies.
• Group order 88 = 23× 11. (There are 9 non-abelian groups of order 88.) Any group of order 88 must have a cyclic Sylow
11-subgroup (∼= C11), which, by the Sylow theorems, is a normal subgroup. Hence Lemma 28 applies.
• Group order 90 = 2× 32 × 5. (There are 8 non-abelian groups of order 90.) LetG be a group of order 90, then the Sylow
5-subgroup is normal. (To see this, observe that, sinceGmust be solvable, it has a Hall subgroup,H say, of order 45. This
Hall subgroup has index 2 and so it must be a normal subgroup ofG. All groups of order 45 are abelian, and so the Sylow
5-subgroup of H is a characteristic subgroup of H and hence a normal subgroup of G.) Since the Sylow 5-subgroup is
normal, Lemma 28 applies.
• Group order 98 = 2 × 72. (There are 3 non-abelian groups of order 98.) Any group of order 98 has a Sylow 7-subgroup
which, by the Sylow theorems, is a normal subgroup. Hence Lemma 28 applies.
• Group order 100 = 22 × 52. (There are 12 non-abelian groups of order 100.) Any group of order 100 has a Sylow 5-
subgroup which, by the Sylow theorems, is a normal subgroup. Hence Lemma 28 applies.
Conjecture 5 remains open for groups of the following orders except when the group is abelian, dihedral or dicyclic.
• Order 32 = 25. There are 44 non-abelian 2-groups of order 32.
• Order 64 = 26. There are 256 non-abelian 2-groups of order 64.
• Order 36 = 22 × 32. There are 10 non-abelian groups of order 36.
• Order 48 = 24 × 3. There are 47 non-abelian groups of order 48.
• Order 54 = 2× 33. There are 12 non-abelian groups of order 54.
• Order 72 = 23 × 32. There are 44 non-abelian groups of order 72.
• Order 96 = 25 × 3. There are 224 non-abelian groups of order 96.
• Order 60 = 22 × 3× 5. There are 11 non-abelian groups of order 60. The group A5 is simple of order 60.
Remark 33. Since this paper was submitted, the authors have shown in [2] that Conjecture 5 also holds for all 2-groups, for
all semi-dihedral groups of the form S(8n) = 〈x, y : x4n = y2 = 1, xy = yx2n−1〉, and for all nilpotent groups of even order.
In particular, this means that Conjecture 5 has now been proved for all groups of orders 32 and 64.
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